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Abstract

We have previously shown that most small-angle scattering (SAS) patterns from a range of polymer fibers can be best fit using elliptical
coordinates, where the minor axis of the ellipse is parallel to the fiber axis. Analysis of small-angle X-ray scattering patterns obtained during
elongation of poly(ethylene-co-1-octene) films now shows that elliptical coordinates also provide a natural way to fit four-point radiating-out
patterns, also called ‘‘butterfly’’ or ‘‘eyebrow’’ patterns. To fit this type of pattern the minor axis of the ellipse is tilted away from the fiber
draw direction by some angle a, and as the films have rotational symmetry, the pattern is fitted with the sum of two ellipses, at þa and �a.
As a result, the reflections appear to fall on a hyperbolic arc e the butterfly pattern. The Matlab code to carry out this analysis on full 2D
data is available on request. The elliptical analysis is primarily an empirical fit, much strengthened by its ability to be applied to all observed
types of SAS patterns and by its relevance to the mechanical behavior of polymers.
� 2007 Elsevier Ltd. All rights reserved.

Keywords: Elliptical small-angle scattering; Oriented polymer; Semicrystalline
1. Introduction

Discrete patterns that are seen in small-angle X-ray or neu-
tron scattering (SAXS or SANS, SAS for either of them) of
semicrystalline polymers fall into three categories: two-point
bar shaped (Fig. 1a), four-point tilted inwards towards the
equator (Fig. 1b), and four-point tilted outwards away from
the equator (Fig. 1c, ‘‘butterfly’’ or ‘‘eyebrow patterns’’) [1].
Recently published data on poly(ethylene-co-1-octene) poly-
mers, which show a remarkable range of drawing behaviors
at different levels of octene, display all of these features
[2,3]. Here we attempt to analyze these different types of
patterns using a single scheme by describing the intensity
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distribution in these SAXS patterns in elliptical coordinates,
and relate them to their mechanical properties.

Previously published data from 19 and 38 wt% 1-octene
(Dow Chemical Company) referred to as low octene and high
octene, respectively, will be used for this analysis [2,3]. Simul-
taneous SAXS and wide-angle X-ray diffraction (WAXD) data
were obtained during deformation of 0.5 mm thick, 100 mm
long and 15 mm wide films at HASYLAB, Hamburg, beam-
line A2 on an image plate with 1.5 Å wavelength radiation.
Data were analyzed using codes written in Matlab.

2. Results

2.1. SAXS

The SAXS patterns are unoriented at zero strain. The two-
point patterns that appear at w100% elongation evolve into
weakly resolved four-point patterns (Fig. 1a) at the maximum
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Fig. 1. Examples of the three types of SAXS patterns; fiber axis is vertical: (a) high-octene at 300% strain, two-point bar shaped (Fig. 7 in Ref. [2]); (b) high-octene

relaxed to 190% strain after stretching to 600%, four-point tilted inwards (Fig. 7 in Ref. [2]); (c) low-octene relaxed to 360% strain after stretching to 500%, four-

point and tilted outwards (Fig. 2 in Ref. [2]).
draw ratio (500% for low octene and 600% for high octene).
When the stress is released these patterns transform into a
four-point curved-in pattern in the high-octene polymer
(Fig. 1b) and into a butterfly pattern in the low-octene sample
(Fig. 1c) [3].

Fitting small-angle two- and four-point patterns from ori-
ented polymers has empirically shown that most of them fall on
a single ellipse [4e8]. This is illustrated in Fig. 2. Fig. 2a and
c comes from the two-point pattern shown in Fig. 1a, and
Fig. 2b and d from the four-point turned-in pattern shown in
Fig. 1b. In (a) and (b) the positions Zf of peak intensity along
Z-axis within the lamellar reflection are shown as circles and
the line is the fitted ellipse. Figure (c) and (d) are the plots
of 1/Zf

2 vs. tan2 f where f is the azimuthal angle as shown
on Fig. 2a. An ellipse follows Eq. (1), where Lf¼ 1/Zf, and
so gives a straight line on this plot [7]

L2
f ¼ L2

Mþ L2
Etan2 f ð1Þ

Here LM and LE are fitting constants. LM is the periodicity in
the lamellar stack oriented along the fiber axis, and is the com-
monly used lamellar spacing L. LE is the (unobserved) lamellar
Fig. 2. Elliptical to patterns shown in Fig. 1. (a) and (c) refer to Fig. 1(a), and (b) and (d) refer to Fig. 1b. (a) and (b): the measured points are shown as circles and

the fitted ellipse is overlaid on the observed data. (c) and (d): Lf
2 (1/Zf

2)etan2 f plots of the lamellar peaks; data from the four quadrants are shown in four different

symbols.
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spacing in the equatorial direction. We have observed a straight
line wherever there is enough intensity for a measurement, up
to 78� in each quadrant [9].

To make this fit, the raw images were first rotated (in this
instance by 1.5�) to make the symmetry axes horizontal and
vertical. The images were then reduced into a 240 by 236 pixel
image and divided into 236 slices parallel to the Z-axis. The
intensity distribution along each slice was least-squares fitted
to two Gaussian functions. Two values of Z corresponding to
the lamellar peaks above and below the equator were obtained
from each slice, and data from each quadrant are plotted with
a different symbol in Fig. 2.

Fig. 3a and b are an attempt to use the same method to fit
the butterfly SAXS pattern in Fig. 1c where the lamellar reflec-
tions appear to fall on hyperbolic arcs. Clearly it does not
work well at all; data similar to this were observed in our ear-
lier analysis of polyester fibers [9]. However, Fig. 3c and d
shows that the data can be fitted extremely well by allowing
there to be two tilted ellipses. One pair of reflections (in sec-
ond and fourth quadrants) falls on one ellipse whose minor
axis is rotated by an angle a away from the meridian, and an-
other pair of reflections (in first and the third quadrants) on
a second ellipse that is rotated by an angle �a (Fig. 3c).
This second ellipse is automatically generated by the cylindri-
cal symmetry of the sample.

Once the peak positions are obtained from the 2D image,
either a one-ellipse or two-ellipse model is used to fit the tra-
jectories of these positions. For the one-ellipse model (at low
strains) these positions are assumed to fall on an ellipse de-
fined by the major and minor axes, a and b, respectively,
and the origin. A least-squares method, lsqcurvefit (Matlab),
is used to obtain these fitting parameters. At strains of 300e
600% where there was a ‘‘dent’’ along the minor axis and
the trajectories look like a ‘butterfly’, we fitted the data to
a two ellipse model. Again a least square method is used to
obtain the five fitting parameters, a, b, a and the coordinates
of the origin. This resulted in a linear 1/Z2 vs. tan2 f plot.
The position of a point on the tilted ellipse is calculated in
(X,Z ) coordinates along the axes of the ellipse, then trans-
formed to the original (Xo,Zo) coordinates, see Fig. 4. For
each point on the ellipse at an angle f to the Z-axis, and a
distance R from the origin we have:

cotðf� aÞ ¼ Zo

Xo

R2 ¼ X2þ Z2 ¼ X2
o þ Z2

o ð2Þ
Fig. 3. Elliptical fits to the butterfly pattern shown in Fig. 1c. (a) Using one ellipse the X- and Z-coordinate of the maxima within the lamellar reflections measured

at various azimuthal angles are shown as circles. (b) Lf
2etan2 f plots of the lamellar peaks in Fig. 1c. (c) Two-ellipse fit to the data in Fig. 1c (d) Lf

2etan2 f plots of

the lamellar peaks interpreted as falling on two ellipses. The four regions are shown in four different symbols.
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f (for a given a) and R are calculated from the measured
(Xo,Zo) values and since Zf¼ R cos f¼ 1/Lf (in terms of
fitting the tilted ellipse) a Lf

2 vs. tan2 f plot can be created,
as shown in Fig. 3d. The best fit value of a for Fig. 1c
was 11�.

2.2. WAXD

WAXD orientation distribution was determined using the
strong equatorial {110} reflection. At zero strain there is no
orientation. Fig. 5a shows that at relatively low strains, there
are two populations; one equatorial peak and one off-equato-
rial (giving two peaks by symmetry). Only the equatorial
peak is present at high strains, Fig. 5b, and it remains the
only peak when the stress is relaxed. This shows:

(i) that the structures giving rise to the tilted ellipse in
SAXS have the chain direction of the crystallites
aligned along the draw direction and

(ii) that the final structure is not the result of simple affine
deformation of an initial isotropic structure, as interme-
diate states are more complex. The deformation causes
crystallinity to rise while the initial structure is broken
down and transformed into a new one [2,3].

Fig. 5c and d shows that the widths of the equatorial and
off-equatorial peaks decrease with increasing strain. The ori-
entation of the crystalline domains is partially reversible as
can be seen in the decrease in the orientation in the films
that were relaxed after taken to 500e600% strain. When the
films relaxed, the crystalline orientation decreases to an inter-
mediate value that is consistent with the residual macroscopic
strain: the low-octene films have 150% residual strain and have
a crystalline orientation close to that observed during stretch-
ing at 150% draw; the corresponding residual strain for high-
octene film is 250%.

Fig. 4. Schematic of the coordinates used in fitting the tilted ellipse to the data.
3. Discussion

A simple two-point SAXS pattern is normally considered as
being due to a regular 1D repeating arrangement of crystals
along a microfibril which is parallel to the draw direction.
The microfibrils do not form a regular array, and positions of
crystals in adjacent microfibrils are uncorrelated. A lateral
spread of the two points into a bar pattern (Fig. 1a) is explained
by having restricted lateral width of the diffracting element e
a narrow microfibril with narrow crystals. In the lamellar
model, strongly supported by microscopic views of highly crys-
talline polymers such as linear PE, the four-point pattern is in-
terpreted as due to a tilt of the lamellar normal away from the
draw direction as shown in Fig. 6a [6,10e15]. A lateral spread
of these reflections, along a layer line, would then be explained
by a limited width of the fibrils or stacks that lie along the
fiber axis and contain these crystals with tilted surfaces.

The butterfly four-point pattern was observed in early stud-
ies of polyethylene sheets formed by rolling [10,15e17]. In
these samples this pattern occurred when there was a splitting
of the WAXD reflections, where the chain axis was no longer
aligned along the extension direction. The spread of the spot
was described, based on the analysis of insufficient data,
as along a line at an angle a to the equator. By comparison
with WAXD, this line was found to be perpendicular to
a chain-axis direction as shown in Fig. 6b. By similar oversim-
plification of the SAXS data, Groves showed that with a com-
bination of shear modes, it was possible to create all types of
SAS patterns (with straight-line spreading) in systems with the
chains aligned parallel to the draw direction [18]. In a model
proposed by Gerasimov et al., reflection shape, which was de-
rived from inadequate analysis of SAS patterns recorded on
films, was accounted for by variation of a single parameter
(b tan f/a), where b is the width of the lamellae and a is the
height of the lamellae [11]. The reflections spread along the
layer line (bar pattern) for small values of b tan f/a (small
tilt or narrow fibril) and along a radial line for large values
of b tan f/a. However, the spots in a butterfly pattern rarely
extend radially.

A common feature of all of these models is that the spread
of the reflections is due to a restricted width in some direction,
and therefore the spread must be along a straight line in the
same direction as this restricted width. That is, the models
begin by setting the observed intensity (I ) as:

I ¼ jFj2J

where F is the Fourier transform of the crystal shape, jFj2 is
the cylindrically averaged shape factor of the mean crystallite
(lamella) and J is the lattice factor or the interference function
which depends only on the distribution of the centers of the
crystallites. These models all derive from earlier work,
when it was not possible to get quantitative analysis of the
weak intensity tails of the reflections. The limited data can
be fitted as a straight streak, allowing the use of a 1D lattice
factor for J. No such simple interpretation is applicable when
the spread is along a curved path, such as an ellipse. The data
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Fig. 6. Keller’s model for four-point patterns [17]: (a) regular four-point pat-

tern (the arrow is along the lamellae normal); (b) butterfly four-point pattern

(the arrow is along the chain axis).
in Figs. 2 and 3 and in our earlier papers show clearly that
when the whole reflection can be analyzed, it clearly does fol-
low a curved track [4e8]. This curved track is often ignored
even when analyzing data with good counting statistics [19].
However, it has been recognized that two angles are required
to completely describe the SAS patterns, f and a used here, f

and j in Ref [19], and f and q in Ref. [15].
One way to get a curved streak is by a range of misorien-

tations of a 1D lattice. This spreads the intensity over spherical
shells (resulting in Debye rings when the orientation is com-
pletely lost). The effect on the SAXS pattern is that intensity
is spread along circular arcs. No combination of straight and
circular spreadings is able to give the observed elliptical form.
Another structural model was proposed by Zheng et al., who
interpreted the spread of the SAXS reflection as due to para-
crystalline disorder of a 3D macrolattice of lamellae. This can-
not predict the observed curved streaks [20]. It was pointed out
very early on that a lateral linear spread could be due to crys-
tals with a range of tilts that had the same repeat distance in
the fiber direction (and not due to a limited width) [16].
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Clearly this can be generalized to crystals with a range of tilts
and different repeat distances that create the observed curved
streak. The lamellar spacings have to be correlated with the
angle at which the diffraction appears [7,21]. It is not clear
how this arises. The ellipse can thought of as describing the
3D correlation of lamellae centers of mass. In butterfly pat-
terns the ellipse is tilted by some angle a away from the fiber
axis. A single tilted ellipse can fit the data that are often seen
in samples without cylindrical symmetry such as in some
rolled and compression molded samples [16,17,21].

In earlier papers we proposed that an affine deformation of
the lamellar lattice spreads the reflections along an ellipse
[7,8]. This is an attractively simple idea: an isotropic lattice
will give a circular reflection, and affine deformation of such a
lattice will change the circle to an ellipse and concentrate the
intensity towards the draw direction, as observed. This is true
for instance in the case of a block copolymer. Here, the circular
reflection is strong in the undrawn material, and the polycrys-
talline lattice can be seen in real-space (microscopic) studies
[22]. On deformation of this system a continuous transforma-
tion with increasing ellipticity can be followed [23]. In contrast,
in semicrystalline fibers there is no such continuous transfor-
mation, but often a complete breakdown of structure at a
neck, with re-formation into structures with a new crystal spac-
ing that depends on the drawing temperature. The change
in structure in the films studied here can be followed clearly,
but as shown in Fig. 5, the transformation is much more com-
plicated than a simple affine deformation, so that explanation
cannot be applied here. While affine deformation is a
possible explanation of the elliptical forms, it is not a universal
one.

Elliptical coordinates adequately account for the non-
circular track in the currently available small-angle data.
When data are empirically fit, there is always concern about
the number of parameters involved. In the original fit using
elliptical coordinates and a single ellipse, the small-angle
pattern can be described using just three parameters [7,8].
These are the major and minor axes of the ellipse and the
orientation f of the peak intensity. The fits shown in Fig. 2a
and b areas concerned only with the track of the peak, not
the intensity profile, so these involve only two parameters. In
the new version, the rotational angle of the ellipse, a, must
be added to the list, so the fit in Fig. 3c uses three parameters,
and the full fit of the pattern needs four. It is clear from the ac-
curate fit to a large number of data points that the increase in
parameters does not mean that the data are being fit arbitrarily.
The simple models that give a straight-line spread of the reflec-
tion need three parameters in all cases. These are the lamellar
spacing, the orientation f of the peak intensity and the orienta-
tion of the direction of spread. The extra parameter is needed
to give the ellipticity, which does not arise in the simple
models.

Although we have focused here on fitting the track of the
peak maxima to an ellipse, it should be noted that the entire
SAXS intensity distribution can be fitted in elliptical coordi-
nates by describing the intensity in terms of a suitable distri-
bution (Gaussian/Lorentzian/Pearson VII function) centered
around the peak maximum [8]. Such a fit provides a better fit
with fewer parameters than those in Cartesian or polar coordi-
nates, and may be used to extrapolate the data into the beam
stop area or to the outskirts of the scattering where the mea-
sured data are noisy.

Characterizing SAS patterns as double or single elliptical is
useful and relevant, as the different forms of the SAXS pat-
terns relate to the mechanical behavior of the samples. The
low-octene films that show a double-ellipse pattern when re-
laxed also exhibit strain hardening, while the high-octene films
that show single-ellipse behavior when relaxed remain rubbery
during elongation [3]. Further, while there is a large drop in
long period L (from w250 Å to w150 Å) at low elongations
(100%) in both polymers, L continues this decrease at higher
elongations (500%) only in the rubbery high-octene films; it
increases in the strain hardening low-octene polymers
(Fig. 7). On the basis of SAXS and WAXD data [3], it appears
that the long period seen at low elongations is due to micellar
structures, and the decrease in L occurs when they transform
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into lamellae. This transformation is complete in the low-
octene films and the lamellar stacks reversibly stretch, increas-
ing L, as they share the applied load on further elongation. The
double ellipse in this polymer could be interpreted as due to
3D correlation of the movements of the lamellar centers of
mass, e.g., progressive shear of the lamellae, as a result of
interfibrillar and interlamellar tie molecules. On the other hand,
in high-octene films, the lamellae continue to evolve even at
600% elongation, and L continues to decrease, reaching a much
lower value (110 Å) when load is removed. The single ellipse
in this polymer could be interpreted as due to random shear of
still evolving lamellae due to the absence of ‘‘crosslinks’’ or
correlations between them. In any case, there are significant
mechanical differences and this can lead to different shear
modes on relaxation that give rise to different patterns. It is
worth noting that a stretched crosslinked network of strings
have been implicated in butterfly patterns in small-angle light
scattering (SALS) where it is sometimes called flattened but-
terfly or tulip pattern [24]. Similar diffraction patterns have
also been seen from a lightly crosslinked aligned network of
rods in a craze [25]. Our two-point pattern, referred to as a but-
terfly pattern in SALS literature, is attributed to axial correla-
tions in density fluctuation and absence of such correlations in
the equatorial direction [24,26].

4. Conclusions

Using data from drawn poly(ethylene-co-1-octene) poly-
mers, it is found that all the observed types of small-angle pat-
terns (two-point bar shaped, four-point tilted-in and tilted-out)
can be analyzed by describing the intensity distribution in el-
liptical coordinates. Such analysis provides a few experimen-
tally derivable parameters to characterize the lamellar
structure. The tilt of the lamellae determines the movement
of the lamellar reflections along the ellipse. Earlier analyses
of the data from nylons and polyesters using similar methods
have shown that these parameters greatly influence the perfor-
mance of polymers. The analyses proposed here are applicable
to any general nano-scale structure in which the crystalline do-
mains are embedded in an amorphous matrix. Such analyses
are useful for understanding the mechanical behavior of
polymers and are applicable to similar patterns obtained
from larger-length scale structures using SALS.
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